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This r e p o r t  considers  the motion of one s p a c e c r a f t  i n  a nea r -c i r -  
c u l a r  o r b i t  which is fastened t o  another wi th  a f l e x i b l e  t e t h e r  l i n e .  
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TECHNICAL MEMORANDUM X- 53643 
A METHOD OF SOFT TETHER STATIONKEEPING 
SUMMARY 
This r e p o r t  considers the motion of one s p a c e c r a f t  i n  a nea r -c i r -  
c u l a r  o r b i t  which is fastened t o  another w i t h  a f l e x i b l e  t e t h e r  ’ l i ne .  
The equations of motion a r e  obtained through a closed form s o l u t i o n  t o  
the approximate d i f f e r e n t i a l  equation. A method is  devised by which 
p u l l s  can be made on the  t e t h e r  i n  a r e p e a t a b l e  sequence s o  t h a t  t h e  
two s p a c e c r a f t  w i l l  remain i n  the v i c i n i t y  of one another  when t h e r e  
a r e  d i f f e r e n t i a l  drag fo rces  ac t ing  on them. This method is then 
app l i ed  t o  t h e  case of a Lunar Module/Apollo Telescope Mount (LM/ATM) 
t e the red  t o  a n  S-IVB O r b i t a l  Workshop (OWS). 
I. INTRODUCTION 
With the advent of more s o p h i s t i c s t e d  space missions,  the need t o  
maintain m u l t i p l e  spacec ra f t  i n  close proximity t o  one another  arises. 
I n t u i t i v e l y ,  i t  seems t h a t  there  would be  no problem caused by t h e  
extremely small d i f f e r e n t i a l  forces a c t i n g  on these s p a c e c r a f t  a r i s i n g  
from small v a r i a t i o n s  i n  vent ing t h r u s t s ,  s o l a r  p re s su re  and drag 
d e c e l e r a t i o n s .  However, as f igu re  1 shows, t hese  f o r c e s ,  t y p i c a l  of 
those a c t i n g  on two spacec ra f t  of d i f f e r i n g  conf igu ra t ion  and o r i e n t a -  
t i o n ,  can cause l a r g e  sepa ra t ion  d i s t ances  a f t e r  s e v e r a l  days’ time. 
For this  p a r t i c u l a r  f i g u r e ,  the d i f f e r e n c e  i n  the  drag d e c e l e r a t i o n  
between the  two bodies was . 312  x l o m 6  m/sec2. 
There i s  a v a r i e t y  of methods which may be employed t o  prevent 
t h e  s e p a r a t i o n  of s p a c e c r a f t  i n  o r b i t .  
together  (hard docked) o r  they may be unattached and kep t  together  by 
propuls ive means. A compromise between t h e s e  methods i s  t o  f i x  t h e  
bodies toge the r  with a t e t h e r  l i n e .  Each of these methods has advan- 
tages  and disadvantages depending on the goa l s  of t he  p a r t i c u l a r  m i s -  
s i o n .  For missions which a r e  propel lant- l imited b u t  r e q u i r e  that two 
i n i t i a l l y  c l o s e l y  spaced veh ic l e s  have independent a t t i t u d e s ,  t he  t e t h e r  
method looks a t t r a c t i v e  enough for a more d e t a i l e d  a n a l y s i s .  
They may be mechanically f ixed  
The t e t h e r  method can be divided i n t o  two c l a s s e s .  One of t h e s e  
i s  cha rac t e r i zed  by a continuous t ens ion  i n  the t e t h e r .  I n  the o t h e r  
class, the t e t h e r  i s  t a u t  a t  only d i s c r e t e  time po in t s  and is s l a c k  
the  res t  of t he  t i m e .  This r epor t  analyzes  the  r e l a t i v e  motion of two 
s p a c e c r a f t  for  the l a t t e r  c l a s s  and p resen t s  a method f o r  c o n t r o l l i n g  
t h e i r  r e l a t i v e  pos i t i ons  w i t h i n  des i r ed  bounds. No at tempt  is made t o  
d e s c r i b e  the methods which may be used f o r  deployment of r e t r i e v a l  [l] 
of such te thered s a t e l l i t e s .  
To make a n  a n a l y s i s  of the s p a c e c r a f t  motion, f i r s t ,  t he  d i f f e r e n -  
t i a l  equation of motion of one s p a c e c r a f t  r e l a t i v e  t o  the o the r  i s  
l i n e a r i z e d  and solved i n  closed form. This s o l u t i o n  is then used t o  
f i n d  a method by which the  two s p a c e c r a f t  can be kep t  together .  F i n a l l y ,  
t h e  physical  c h a r a c t e r i s t i c s  of t h i s  method are descr ibed f o r  t h e  example 
of a Lunar Module/Apollo Telescope Mount t e the red  t o  an S-IVB O r b i t a l  
Works hop. 
11. DERIVATION OF THE EQUATIONS OF MOTION 
Let  one of the s p a c e c r a f t  be i n  a c i r c u l a r  o r b i t  of r a d i u s ,  R ,  and 
angular  v e l o c i t y ,  w, ( f i g u r e  2 ) .  S e t  up a two-dimensional coordinate  
system i n  t h i s  spacec ra f t  w i t h  the p o s i t i v e  y-axis po in t ing  outward 
along the r a d i u s  vec to r  and the x-axis i n  the opposi te  d i r e c t i o n  of t he  
i n e r t i a l  v e l o c i t y  vec to r .  Le t  t he  p o s i t i o n  vec to r  i n  t h i s  coordinate  
system t o  a second s p a c e c r a f t  be :. I f  E is  the  r ad ius  vec to r  from the  
cen te r  of the e a r t h  t o  the o r i g i n  of the r e l a t i v e  r o t a t i n g  coordinate  
system, then the d i f f e r e n t i a l  equat ion of motion f o r  t h e  cen te r  of mass 
of t he  second body can be w r i t t e n :  
.. 
E = 5 - 2wx F + g - & [&(E + R ) ] ,  
where Z is the sum of a l l  the d i f f e r e n t i a l  a c c e l e r a t i o n s  b e t w e p  the  two 
bodies due t o  aerodynamic, propuls ive and t e t h e r  f o r c e s ,  - 2 b  E is the  
C o r i o l i s  acce le ra t ion ,  is the  g r a v i t a t i o n a l  a c c e l e r a t i o n ,  and the  last  
term is the cen t r i fuga l  a c c e l e r a t i o n .  The las t  two terms can be com- 
bined i n  the following manner: 
- p(F + E) 
g = -  2 
(r + R)3 
according t o  the  inverse square g r a v i t a t i o n a l  l a w ,  where p is the  g rav i -  
t a t i o n a l  constant f o r  the e a r t h .  Since o2 = p./R3, 
- -o2(? + E) R3 
g =  
( r  + R ) 3  
Since is perpendicular  t o  (r + E), 
k [&(;XR)] = -w2(; + i i )  
and 
g - wx[; + (;. + E)] = p(; + E) - R3 ) .  
( r  + R)3 
The term (r + R) can be approximated by R + y wi th  a n  e r r o r  of only 
about x2 /R ,  where x and y a r e  the components of C i n  f i g u r e  2. 
f o r e ,  
There- 
I *  = w2(; + i i )  1 - [ (1 + 3 3  
Expanding the  second t e r m  i n  the brackets  by the binomial expansion 
y i e l d s  
- -  h 
where - + may be approximated by the u n i t  vec to r  i n  the  y d i r e c t i o n ,  j. 
R 
.. h 
C = 2 - 2wx + 3w2yj. 
Separat ing t h i s  a c c e l e r a t i o n  in to  x and y components y i e l d s  
.. x = ax + 2wjr 
j ;  = a - 2& + 3w2y. 
Y 
3 
For t h i s  r e p o r t ,  i t  w i l l  be assumed that the d i f f e r e n c e  i n  drag 
d e c e l e r a t i o n  a c t s  on the second body i n  the p o s i t i v e  x - d i r e c t i o n  and is 
a cons tan t ,  D.  The Rand Corporation inves t iga t ed  the equations f o r  a 
drag which is dependent on a l t i t u d e  [2] .  However, t h i s  assumption is 
j u s t i f i e d  f o r  very nea r ly  c i r c u l a r  o r b i t s  i n  a s p h e r i c a l l y  symmetric 
atmosphere (with no d iu rna l  bulge) .  During the t i m e  when t h e r e  is no 
t ens ion  i n  the t e t h e r ,  these d i f f e r e n t i a l  equations t h e r e f o r e  become 
% = D + 2 c &  
j ;  = -2& + 3w2y. 
These equations may be solved a n a l y t i c a l l y  as shown i n  Appendix A t o  g ive  
x, y, k, and j ,  as funct ions of time. 
(3) 
3 
0 2 x = x + co t  - - D t 2  - 2b0 s i n  w t  + 2a0(l - cos w t )  
- -  2D t - bo cos w t  + a, s i n  w t  2c0 
Y = C  w ( 4 )  
ir = c 0 - 3Dt - 2 d 0  cos w t  + 2m0 s i n  w t  (5) 
( 6 )  j ,  = - -  2D + ho s i n  w t  + mo cos u t ,  w 
where 
a = 1 ( - o  + f) , 
o w  
X 
0 = 3y0 - 2 - 
w ’  
c0 = 6 q 0  - 3ir 
0’ 
and xo, yo, Go, and 9 ,  a r e  the condi t ions of p o s i t i o n  and v e l o c i t y  a t  
t i m e  t = 0. 
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These equations are n o t  r e s t r i c t e d  t o  use w i t h  t e the red  satel l i tes .  
They may be used t o  desc r ibe  t h e  mgtion of any body i n  a nea r -c i r cu la r  
o r b i t  which remains f a i r l y  c lose  (i.e.,  much l e s s  than t h e  r a d i u s  of the 
o r b i t )  t o  the o r i g i n  of the r o t a t i n g  re la t ive coordinate  system. 
example, they could be used f o r  the coas t s  between burns of t he  terminal 
maneuvers of rendezvous and docking. Also, t h e s e  equations a r e  no t  
r e s t r i c t e d  t o  desc r ib ing  the  motion of only one body. 
s e p a r a t e  s e t  of equations as (3) through ( 6 )  f o r  each body, the motion 
of m u l t i p l e  s p a c e c r a f t  i n  low e c c e n t r i c i t y  o r b i t s  could be descr ibed.  
By s u b t r a c t i n g  t h e i r  coordinates ,  the motion of a l l  of t he  bodies could 
be described r e l a t i v e  t o  one of them. This is a p o s s i b l e  method of 
removing the  r e s t r i c t i o n  t h a t  one of the s p a c e c r a f t  be e x a c t l y  i n  a 
c i r c u l a r  o r b i t .  
For 
By having a 
111. SOLUTION TO THE STATIONKEEPING PROBLEM 
l n  t h e  following d i scuss ion ,  the body loca ted  a t  the  o r i g i n  of t h e  
r e l a t i v e  coordinate  system w i l l  be c a l l e d  the  r e fe rence  body and the 
o t h e r  s p a c e c r a f t  t he  t e the red  body. 
The equations of motion developed i n  the  previous s e c t i o n  cause 
the t e the red  s p a c e c r a f t  t o  follow a t r a j e c t o r y  r e l a t i v e  t o  the  r e f e r -  
ence body similar t o  that shown i n  f i g u r e  3.  I n  t h i s  p a r t i c u l a r  example, 
the motion of t he  t e the red  body i s  i n i t i a t e d  a t  the  p o s i t i o n  x = 30 m y  
y = 4 m, w i t h  a p o s i t i v e  k and j ,  such t h a t  i t s  o r b i t a l  energy is g r e a t e r  
than t h a t  of the r e fe rence  body. Superimposed on to  a n  o s c i l l a t i o n  i n  
the ver t ical  and h o r i z o n t a l  d i r e c t i o n ,  the t e the red  body f i r s t  experi-  
ences a d r i f t  t o  t he  r i g h t  and then a d r i f t  t o  t he  l e f t .  The o s c i l l a -  
t i o n  i n  the  ver t ical  d i r e c t i o n  r e s u l t s  as it moves between apogee and 
per igee.  
t h a t  t he  per igee and apogee v e l o c i t i e s  a r e  d i f f e r e n t .  The d r i f t  t o  t he  
r i g h t  is caused by the  semimajor a x i s  of the conic  of t he  te thered body 
being i n i t i a l l y  g r e a t e r  than t h a t  of the r e fe rence  body and thus having 
a longer  period. As drag decays the o r b i t ;  t he  semimajor a x i s  decreases 
and the  s p a c e c r a f t  then d r i f t s  t o  the  l e f t .  The o r b i t a l  e n e r m  l o s t  
through atmospheric drag must i n  some manner be regained,  o r  t he  o r b i t a l  
per iod w i l l  continue t o  become l e s s  and l e s s ,  thus inc reas ing  the  separa- 
t i o n  ra te .  I f  energy i s  t o  be added t o  the  t e t h e r e d  body by adding t o  
the v e l o c i t y  by p u l l i n g  on the t e t h e r ,  t h i s  must be done before  it g e t s  
ahead of the r e fe rence  body (since any p u l l s  a f t e r  i t  g e t s  ahead w i l l  
only decrease i t s  v e l o c i t y ) .  It would a l s o  be h igh ly  d e s i r a b l e  t o  be 
a b l e  t o  g e t  on a t r a n s f e r  e l l i p s e  (such as ind ica t ed  i n  f i g u r e  3 by the 
dashed l i n e ) ,  and then when the spacec ra f t  i n t e r s e c t s  the o r i g i n a l  
t r a j e c t o r y ,  g ive  a second impulse t o  reproduce t h e  i n i t i a l  condi t ions.  
I f  t h i s  could be done, the process could be repeated over and over. 
Obviously, the c o r r e c t  impulses t o  do t h i s  could be  found i f  the 
The o s c i l l a t i o n  i n  the hor i zon ta l  d i r e c t i o n  is due t o  the  f a c t  
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magnitude and d i r e c t i o n  of the p u l l  could be con t ro l l ed .  However, the 
d i r e c t i o n  i s  r e s t r i c t e d  t o  l i e  i n  the d i r e c t i o n  of t he  t a u t  t e t h e r .  
Since, i n  general ,  t h i s  w i l l  not  be the des i r ed  d i r e c t i o n ,  some c o n s t r a i n t  
must be placed on the i n i t i a l  t r a j e c t o r y  which w i l l  i n su re  that the 
d i r e c t i o n  of the t e t h e r  be c o r r e c t  t o  i n i t i a t e  the t r a n s f e r  and o b t a i n  
a repeatable  sequence. In  Appendix B y  i t  is found that a s u f f i c i e n t  con- 
d i t i o n  t o  insure r e p e a t a b i l i t y  is  f o r  t he  motion of t he  t e the red  body t o  
desc r ibe  a t r a j e c t o r y  which is  symmetric w i th  r e s p e c t  t o  the x-axis i n  
the r e l a t i v e  coordinate  system. Figure 4 shows a t y p i c a l  symmetric tra- 
j ec to ry .  
two a r b i t r a r y  parameters. Let these be the i n i t i a l  a l t i t u d e  d i f f e r e n c e ,  
yli, and the t i m e ,  At,, spen t  from the  i n i t i a l  p o i n t  u n t i l  a p u l l  on t h e  
t e t h e r  is required.  For any combination of t hese  two, t he re  can be found 
a n  i n i t i a l  v e l o c i t y  which w i l l  cause the motion t o  be symmetric. As  
shown i n  equations (B21) and (B22) i n  Appendix B, the  components of t h i s  
v e l o c i t y  a r e  independent of the i n i t i a l  t a n g e n t i a l  s e p a r a t i o n ,  x l i .  How- 
ever ,  there  is a r e s t r i c t i o n  on x,i t o  be p o s i t i v e  ( t h e  t e the red  body 
behind the reference body). This r e s t r i c t i o n  i s  made t o  make equat ion 
(B31) solvable  w i t h  a p o s i t i v e  AV, s i n c e  a negat ive AV, would be equi- 
v a l e n t  t o  a push with the t e t h e r .  
Each one of those showing symmetry can be cha rac t e r i zed  by 
In  summary, the s t a t ionkeep ing  problem can be solved wi th  a repeat-  
a b l e  sequence by placing the te thered body on a symmetric t r a j e c t o r y .  
IV.  A PRACTICAL APPLICATION 
To obtain g r e a t e r  i n s i g h t  i n t o  the c h a r a c t e r i s t i c s  of the s t a t i o n -  
keeping problem and the  use of symmetric t r a j e c t o r i e s  as a s o l u t i o n ,  
f i r s t  a s p e c i f i c  t e t h e r  mission i s  considered. Then s e v e r a l  of the 
v a r i a b l e s  p e r t i n e n t  t o  t h i s  mission are parameterized. F i n a l l y ,  the 
most a t t r a c t i v e  symmetric t r a j e c t o r y  is chosen and described i n  more 
d e t a i l .  
An S-IVB o r b i t a l  workshop (OWS) [3] space s t a t i o n  i s  i n  a 260-. 
naut ical-mile  c i r c u l a r  o r b i t .  It is  des i r ed  t o  keep a Lunar Module/ 
Apollo Telescope Mount (LM/ATM) [ 4 ]  i n  the v i c i n i t y  of t he  workshop by 
use of a t e t h e r  l i n e .  A s  shown by the aerodynamic d a t a  i n  t a b l e  I ,  the 
ATM w i l l  experience the  g r e a t e r  drag d e c e l e r a t i o n  due t o  o r i e n t a t i o n  and 
r a t i o  of drag t o  mass. The d i f f e r e n c e  i n  drag a c c e l e r a t i o n ,  D ,  is  about 
.312 x m/sec2. 
The va r i ab le s  which were considered as being important o r  charac- 
t e r i s t i c  of the t r a j e c t o r i e s  a r e  the i n i t i a l  v e l o c i t y  components, the 
t r a n s f e r  time, At,, t he  t o t a l  cycle  time, at, + At2, and the amplitude 
of the perigee-apogee o s c i l l a t i o n .  The i n i t i a l  v e l o c i t y  components 
necessary to s t a r t  the ATM on a symmetric t r a j e c t o r y  can be obtained 
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from equations (B21) and (B22) i n  Appendix B. Since these  components 
a r e  funct ions only of t he  a l t i t u d e  d i f f e r e n c e  a t  t h e  beginning of t h e  
symmetric t r a j e c t o r y ,  y l i ,  and At,, they can be represented as contours 
on a n  a b s t r a c t  plane,  y l i ,  At, (see f i g u r e s  5 and 6).  S imi l a r ly ,  the 
t r a n s f e r  t i m e ,  At,, c h a r a c t e r i s t i c  f o r  each symmetric t r a j e c t o r y  may 
be p l o t t e d  on t h i s  plane f o r  some s p e c i f i e d  va lue  of x l i ,  t h e  i n i t i a l  
t a n g e n t i a l  s epa ra t ion .  
where x l i  >> yli. Mult iple  t r a n s f e r  times a r e  a v a i l a b l e  f o r  any sym- 
metric t r a j e c t o r y  due t o  the  tr igonometric p a r t  of equat ion (B33). By 
making the  same assumption on X l i ,  f i g u r e s  11 through 1 4  show contours 
of equal t o t a l  cycle t i m e ,  At ,  + At,. I n  t h i s  case,  by mul t ip ly ing  by 
1 / 2  D,  these become contours of equal AV,. 
AV, is .003527 m/sec. 
i t  is necessary t o  p u l l  on the  t e t h e r  w i t h  a f o r c e  of 1 pound f o r  
5.86 seconds. 
l i n e  is r e q u i r e d ~ ' - -  of the order  of f i s h i n g  l i n e .  
o s c i l l a t i o n  as the  ATM moves between apogee and pe r igee  may be der ived 
as a func t ion  of y l i  and At,  by using equat ion (B18).  
amplitude,  a, w i l l  obey the  equation 
I n  f igu res  7 through 10, t h i s  has been done 
For a cycle  t i m e  of 4T, 
To impart t h i s  v e l o c i t y  change t o  the  LM/ATM, 
This impulse being t y p i c a l ,  only a v e r y  l i g h t  t e t h e r  
The amplitude of t he  
Contours of equal 
1 D 
2 w 
yli = k a. s i n  - Wt, + - Atl. 
These contours a r e  shown i n  f i g u r e  15. 
an i n t e g e r  number of o r b i t a l  periods should be  avoided because of l a r g e  
o s c i l l a t i o n s  and because of v e l o c i t i e s  i n  the v e r t i c a l  d i r e c t i o n .  
On an a c t u a l  mission, Atl's near  
The family of s o l u t i o n s  indicated i n  f i g u r e  15 as having zero a m p l i -  
tude i n  t h e  ver t ical  d i r e c t i o n  is  p a r t i c u l a r l y  i n t e r e s t i n g .  The s o l i d  
l i n e  i n  f i g u r e  16 shows the appearance of one of t hese  case. I n  these  
cases ,  bo th  the workshop and ATM are i n  c i r c u l a r  o r b i t s , "  the ATM o r b i t  
i n i t i a l l y  being s l i g h t l y  higher .  
longer ,  it w i l l  d r i f t  f u r t h e r  behind the workshop. Drag g radua l ly  lowers 
the  a l t i t u d e  of t he  ATM o r b i t ,  decreasing i t s  per iod.  Af t e r  i t s  a l t i t u d e  
drops below that of t he  workshop, it begins t o  ca t ch  up. When it has 
come t o  w i t h i n  a c e r t a i n  d i s t a n c e ,  xlf ,  a tug is given which p l aces  i t  on 
a t r a n s f e r  t r a j e c t o r y  t o  the i n i t i a l  condi t ions where a second p u l l  
r e c i r c u l a r i z e s  it. 
a Hohmann t r a n s f e r  making At, about equal  t o  half a n  o r b i t a l  per iod.  
Since the  period of the ATM is  thus 
I f  x,i >> ( y l i ) ,  then the  t r a n s f e r  i s  very c l o s e  t o  
- * 
The appearance of t he  t r a j e c t o r y  would be ve ry  similar i f  t he  two 
bodies  were i n  e l l i p t i c a l  o r b i t s  of equal e c c e n t r i c i t y  and coincident  
1 i n e s  of aps ides .  
7 
The At,  and the maximum d i s t ance  between the  ATM and workshop, +x, 
which are obtained, and the kli, which is  necessary,  are p l o t t e d  as 
funct ions of y l i  i n  f i g u r e  1 7 .  The necessary 9,i is always equal t o  
- 2 D / w .  These cases a r e  f a i r l y  i n s e n s i t i v e  t o  e r r o r s  i n  bo th  the timing 
and magnitude of t he  p u l l s  on the t e t h e r .  
which is made below the a l t i t u d e  of the workshop. I f  t h i s  p u l l  is made 
somewhat ea r ly  or l a t e ,  the t r a n s f e r  back t o  t h e  i n i t i a l  condi t ions w i l l  
be performed s l i g h t l y  f a r t h e r  from o r  nearer  t o  the workshop than the  
nominal. I f  t h e  magnitude of the p u l l  is not  q u i t e  nominal, then the  
t r a n s f e r  w i l l  be t o  a somewhat  d i f f e r e n t  a l t i t u d e .  When the r e c i r c u l a r -  
i z a t i o n  p u l l  is  made, the ATM w i l l  merely be on a d i f f e r e n t  member of 
the family of zero o s c i l l a t i o n  cases ind ica t ed  by the dashed l i n e s  i n  
f i g u r e  16. Errors  i n  the magnitude of t he  second p u l l  as much as 2 10 
percent  and i n  timing as much as from 3 t o  5 minutes introduce only a 
small amount of o s c i l l a t o r y  motion, as ind ica t ed  i n  f i g u r e s  18 through 
21.  
F i r s t ,  consider  the p u l l  
V. CONCLUSIONS AND EXPANSIONS 
It is possible  t o  conclude from the ground work s e t  up i n  t h i s  
r e p o r t  that it i s  f e a s i b l e  to.overcome the s e p a r a t i o n  buildup between 
two s a t e l l i t e s  under the  inf luence of d i f f e r e n t i a l  drag fo rces  by using 
a f l e x i b l e  t e the r  l i n e .  This can be done by b r ing ing  the  t e t h e r  t a u t ,  
imparting an impulse through i t ,  and allowing the  bodies t o  d r i f t  f r e e  
before  a second impulse i s  made. The sequence f o r  p u l l i n g  on the t e t h e r  
becomes repeatable  i f  the motion of the t e the red  body a p p e a r s  symmetric 
r e l a t i v e  t o  the reference body. The most p r a c t i c a l  of t hese  symmetric 
cases seems to  be a case which exhibi ted no o s c i l l a t i o n s .  
Several  a r e a s  which need f u r t h e r  work a r e  being i n v e s t i g a t e d .  The 
Also, motion 
r educ t ion  of t he  equat ions i n  Appendix B should be general ized t o  es tab-  
l i s h  the  necessary condi t ions f o r  a r epea tab le  sequence.* 
only i n  two dimensions has thus f a r  been considered; t h i s  should be 
extended t o  motion out  of the o r b i t a l  plane.  E r ro r s  i n  the timing and 
magnitude of t h e  i m p u l s e s  should be f u r t h e r  i n v e s t i g a t e d ,  and some con- 
t r o l  l a w s  should be developed t o  maintain a nominal sequence. Before 
making any a c t u a l  f l i g h t s ,  p a r t i c u i a r l y  when a s t r o n a u t s  a r e  a p a r t  of 
t he  mission,  t h e  s a f e t y  hazards involved must be thoroughly s t u d i e d .  
Not only must precaut ions t o  prevent hazardous s i t u a t i o n s  be taken, b u t  
a l s o  remedies must be considered i f  these s i t u a t i o n s  occur i n  s p i t e  of 
YC 
The condition t h a t  the t r a j e c t o r i e s  be symmetric is  only a s u f f i c i e n t  
cond it  ion t o  i n su re  r e p e a t a b i l i t y  . 
t h e  precaut ions.  Cer ta in  unmanned experiments should be t r i e d  before  a 
man is placed i n  the  te thered  body. 
the Martin Company t o  determine the f e a s i b i l i t y  of making an  a c t u a l  
f l i g h t  experiment t o  t e s t  these s o f t  t e t h e r  techniques.  
Some e f f o r t  is  now being made by 
TABLE I 
Drag Accelerat ion Data 
Works hop ATM 
Coef f i c i en t  of Drag 10.15 3.77 
Reference Area 33.478 m2 33.478 m2 
Mass 28495 kg 7394 kg 
m ’ v  83.86 kg/m2 58.58 kg/m2 
9 
Separat ion ( k m )  
0 10 20 30 
Time ( h r )  
FIG. 1. TYPICAL SEPARATION GROWTH BETWEEN 
TWO SATELLITES I N  LOW EARTH ORBIT 
10 
Reference 
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Solu t ion  t o  the  Linearized D i f f e r e n t i a l  Equation 
Equation (1) may be in tegra ted  once t o  y i e l d  
where co is a cons tan t  of in t eg ra t ion .  
(2) and rear ranging  y i e l d s  
S u b s t i t u t i n g  equat ion (Al) i n t o  
The s o l u t i o n  t o  the  homogeneous part is 
yh = -b 0 cos ut  + a. s i n  w t ,  
where bo and co a r e  a r b i t r a r y  cons tan ts .  
t h e  nonhomogeneous equat ion has the  form 
By inspec t ion ,  t he  s o l u t i o n  t o  
y = y + c , +  C 2 t .  h 
By d i f f e r e n t i a t i o n  and s u b s t i t u t i o n  i n t o  equat ion (A2), we o b t a i n  
Therefore ,  
31 
and 
2co 2D y = -b cos w t  + a s i n  w t  + -- - t. 
0 0 3 w  W 
Subs t i t u t ing  t h i s  i n t o  equation ( A l )  and i n t e g r a t i n g  y i e l d s  
3 x = -2b 0 s i n  w t  - 2ao cos w t  + c 0 2  t - - D t 2 + do, (A4 
where do is the constant  of i n t e g r a t i o n .  
(A3) and (A4) with respect t o  t i m e ,  k and j l  are obtained as funct ions 
of time: 
By d i f f e r e n t i a t i n g  equations 
ir = - 2 h  cos w t  + 2- s i n  w t  + c - 3 D t  (A5 ) 0 0 0 
(A6 
2D j ,  = Lcb s i n  w t  + rn cos w t  - - . 
0 0 W 
The constants  of i n t e g r a t i o n  may be expressed i n  terms of the condi t ions 
of p o s i t i o n  and v e l o c i t y  a t  time t = 0, xo, yo, go,  and 90: 
a o w  
c = 6wyO - 3k 
0 0 




The Conditions Necessary f o r  a Repeatable Sequence 
To discover  w h a t  must be done t o  o b t a i n - a  r epea tab le  sequence, a l l  
of the  equat ions which mus t  be  simultaneously s a t i s f i e d  mus t  be w r i t t e n  
down. It turns  o u t  that the  equations s impl i fy  somewhat i f  the  time, 
t = 0, is placed ha l f  way i n t o  the i n i t i a l  t r a j e c t o r y ;  i . e . ,  i f  at, is’ 
the  time spent  i n  the i n i t i a l  t r a j e c t o r y  between p u l l s ,  then t h e  trajec- 
t o r y  begins a t  time, t = -1 /2  At,, and ends a t  t = 1 / 2  At,. The i n i t i a l  
condi t ions  a r e  as follows: 
“0 D 1 1 
= -  + - Atl - b cos - wAt, - a s i n  2 uAtl Y l i  3w w 0 2 0 
3 1 1 
iC = C + 5 DAtl - 2 d 0  COS uAtl - 2- s i n  Ut, li 0 0 
where a,, bo, and co a r e  defined a s  before .  
The f i n a l  condi t ions j u s t  before the  impulse which i n i t i a t e  the  
t r a n s f e r  a r e  
1 3 1 1 - 2bo s i n  5 d t l  + 2ao(l  - cos a t 1 )  x -   x0 + C o a t i  - D(At1)2 
1 1 
A t 1  - bo cos 7 atl -t a. s i n  7 At1 ” 0  D - - - -  Y l f  3w w 
33 
3 1 1 
k = c - 7 DAtl - 2Lcb0 cos 7 at, + 2m0 s i n  Wtl If 0 
A t  t h i s  time, an impulse is made which changes the v e l o c i t y  by AV, 
i n  the  d i r e c t i o n  of the t e t h e r ,  making the  i n i t i a l  components of the  
v e l o c i t y  of the t r a n s f e r  conic  
If X 2 = x - AV, 
2 i  If 
Y.C 
For the t r a n s f e r  conic,  i f  time is referenced t o  t h i s  po in t ,  a f t e r  
some time i n t e r v a l ,  At2,  it is  des i red  that the s a t e l l i t e  be back a t  t he  




- o 2D - -- - At2 - b' cos at2 + a '  s i n  Wt2. Y l i  3 w  w 0 0 
The f i n a l  v e l o c i t i e s  i n  the  t r a n s f e r  conic  w i l l  be 
2D = - - + &' s i n  Wt2 + mb cos at2. 92f w 0 
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I n  the  last  four  equat ions,  
a' = - 1 ($2i + %) 
o w  
The i n i t i a l  v e l o c i t y  now 
changing the  v e l o c i t y  by 
k 
ii 
must be obtained by making a second tug and 
a n  amount AV2. 
A f t e r  s u b s t i t u t i o n  of the d e f i n i t i o n s  f o r  aO, bo, co, ab, bb, and cb, 
there are 16 equat ions which m u s t  be sa t i s f ied  by 20 v a r i a b l e s .  These 
a re  XO, YO, 20, 90, Atis x i i a  Y i i ,  k i i ,  9 i i s  Xifr Y i f ,  k i f ,  9 i f ,  ~ v i ,  
Xzi, jr2i ,  At,, k2f, $,f, and AV2. Since t h e r e  are four  more v a r i a b l e s  
than equat ions,  four  of t he  v a r i a b l e s  may be treated as parameters. 
L e t  these parameters be X l i ,  yl i ,  yo,  and Go. I f ,  a r b i t r a r i l y ,  yo and 
ko are s e t  equal t o  zero,  then bo = co = 0. From equations (A3) through 
(A6), the equat ions of motion then become 
3 x1 = 2ao (1 - cos u t )  - 7 D t 2  + x0 
y1 = a. s i n  t - - 2D t 
w 
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2i = 2m0 s i n  w t  - 3Dt 0319) 
2D 9 ,  = mo cos w t  - - . 
W 
As can be seen, t h i s  makes the  t r a j e c t o r y  symmetric about  t he  h o r i z o n t a l  
a x i s ;  i . e . ,  x ( t )  = x ( - t )  and y ( t )  = - y ( - t ) .  Also n o t i c e  that 2 ( t )  = - 2 ( - t )  
and $ ( t )  = j l ( - t ) .  Therefore,  the  i n i t i a l  and f i n a l  condi t ions  a t  the  
times - 1 / 2  At, and  1 / 2  At,, r e s p e c t i v e l y ,  a r e  a l s o  symmetric: xlf = x l i ,  
Y i f  = ' Y i i r  k1f = -kl iy  and jrlf = y l i .  By so lv ing  equat ion (Bl) f o r  xo, 
and equat ion (B2) f o r  a,, t he  v a r i a b l e s  xo and 9o may be el iminated from 
the  system of equat ions,  i f  the  r e s u l t i n g  expressions a r e  s u b s t i t u t e d  
i n t o  the  other  16 equat ions.  Noting that bo and co a r e  now zero,  equa- 
t i ons  (B3) and (B4) become 
These two equations become the  i n i t i a l .  condi t ions which cause the  motion 
t o  be symmetric. 
can be el iminated from equat ions (B9) through (B12): 
By using the  symmetry condi t ions ,  x l f ,  Y l f ,  $lf, and 9,s 
X 
a ii 
x = - x  - AV, 
2 i  ii [x:, + Y,,  2 ]1/2 
- 2bb s i n  Wat. + 2ab(l  - cos a t . )  (B25) 3 0 = c' At, - - 2 D(At2I2 
0 
2c' 
b' cos Wat2 + ab s i n  At2, - At, - o 2D 
0 
- - - e  





a' 0 = ; (92i + %) 
A 
2 i  bb = -3yli - 2 -  
W 
C' = -6wl i  - 3k2i. 
0 
Using equations (B13) and (B14) t o  e l imina te  iC2f and j72f from equa- 
t i o n s  (B15) and (B16), 
X 
x = c' - 3DAt2 - 2&' cos At2 + 2 w  a' sin ut2 - nV2 li 
0 [x:i + y2 1112 li 0 0 li 
. (B28) 2D Y i i  = - - + Wbb s i n  ut2 + ua' COS ut2 - nv2 9 li W 0 
Now t h e r e  are e i g h t  equations (B21) through (B27),  w i th  the  two param- 
e ters ,  X l i  and Y l i ,  and e i g h t  v a r i a b l e s ,  i C l i ,  p l i ,  At,, k 2 i ,  AVl, 92iY 
At2, and AV2, having eliminated the o t h e r s .  Equations (B25) through 
(B28) in su res  t h a t  the i n i t i a l  p o s i t i o n  and v e l o c i t y  components a r e  
reproduced. Now, instead of making AV, of such a magnitude t h a t  the 
i n i t i a l  condi t ions a r e  reproducible ,  consider the consequences of making 
it so that t h e  new ( t r a n s f e r )  t r a j e c t o r y  is symmetric about t he  ho r i zon ta l  
axis. 
the i n i t i a l  p o s i t i o n  of t he  f i r s t  t r a j e c t o r y  wi th  v e l o c i t y  components 
symmetric to  those of equations (B23) and (B24): 
Because of the symmetry a f t e r  some time At2, t he  body is back a t  
li 
X 
j ,  x - 5  i- AV1 
1/ 2 2f 2i  li [.fi + Y;il 
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A f t e r  the second p u l l  on the  t e t h e r ,  t h e  v e l o c i t y  components a r e  
and 
Notice t h a t  if the second p u l l  is made so t h a t  AV2 = AV,, then 
i . e . ,  t h e  i n i t i a l  v e l o c i t y  has been reobtained.  Therefore,  the equat ions 
(B25) through (B28) i n su r ing  that the i n i t i a l  condi t ions a r e  reobtained 
can be replaced by making AV, s o  t h a t  t he  t r a j e c t o r y  is symmetric, w a i t -  
ing some time At,, and making AV, = AV,. To in su re  symmetry, AV, must 
be made s o  t h a t  kZi, and jr2i i n  equations (B23) and (B24) m u s t  s a t i s f y  
equat ions similar t o  equations (B21) and (B22) a f t e r  the time At,: 
. 
. 
Notice that the  four  equations (B25) through (B28) have been replaced 
by equations (B29) and (B30) and the condi t ion AV, = AV,. This i nd ica t e s  
that t h e r e  was some redundancy i n  t h e  system of equations (B21) through 
(B28), and the re  i s  one more v a r i a b l e  which may be a r b i t r a r i l y  t r e a t e d  
as a parameter. Let i t  be At,. Before parameter izat ion,  more v a r i a b l e s  
and equations can be eliminated by r ep lac ing  AV2 by AV, and by e l imina t -  
ing k z i  and 9,i between equations (B23), (B24), (B29), and (1330). The 
sys tern of equations then becomes 
1 k = 2wyli - DAt, li 
39 
. 
E l i m i n a t i n g  AV, y i e l d s  
a t 2  d t ,  - DAtl )  Cot - 
+ (Wli 2 .  (Wyli + DAt,) cot -1 Y l i  ii 2 - D(At1  + At,) -= 2 X 
0-333) 
Thus,  a l l  of t h e  p e r t i n e n t  variables c a n  be e x p r e s s e d  i n  terms of t h e  
p a r a m e t e r s  X l i ,  y l i y  and  At1. E q u a t i o n s  (B21) and (B22) give j t l i  and 
jl,i i n  terms of y l i  and At,. E q u a t i o n  (B33)  c a n  be n u m e r i c a l l y  s o l v e d  
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